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The Mixed Suspension, Mixed Product 

Removal Crystallizer as a Concept in 

Crystallizer Design 
ALAN D. RANDOLPH 

American Potash 8 Chemical Corporation, Trona. California 

Simultaneous population and mass balances have been solved together with a generalized 
form of nucleation-growth rate kinetics to obtain the form of crystal size distribution (CSD) 
for several idealized modes of crystallizer operation, including seed crystal removal, product 
classification, arbitrary solids concentration, and staged vessels. The effect of holding time 
and feed supersaturation on crystal size in a mixed suspension, mixed product removal (MSMPR) 
crystallizer was also studied. A representative CSD from an MSMPR crystallizer plus the 
relative kinetic order of nucleation to growth rate can be used to predict CSD from any of 
the above modes of operation. 

Crystal size distribution (CSD) is one of the most im- 
portant and troublesome properties of an operating crystal- 
lizer and is a property which cannot presently be designed 
without prior experience with the crystal system and the 
type of crystallizer used. Saeman (I), in a classical con- 
tribution to crystallization theory, published equations for 
the form of steady state size distributions in mixed crys- 
tal suspensions. These equations had been derived as early 
as 1931 by Peet ( 2 )  in an unpublished report and by 
Bransom et al. ( 3 )  in 1948. However, the chief impor- 
tance of Saeman’s work was the presentation of these 
equations in an engineering context and the evolution of a 
philosophy (4) which regards crystallization as “a crystal 
suspension on which is maintained certain constraints.” 
Robinson and Roberts (5) published a study of residence 
time distributions, and hence CSD, for a series of per- 
fectly mixed tanks. These equations reduce to those of 
Saeman for one tank. Randolph and Larson (6) used the 

Alan D. Randolph is with the University of Florida, Gainesville, 
Florida. 

concept of conservation of population to derive a general 
equation relating crystal population density to crystal size 
in a transient system. Transient CSD for various upsets 
was studied with a model for a single tank mixed suspen- 
sion crystallizer and assumed nucleation-growth kinetics 
used. The problem of steady state CSD from staged tanks 
was also studied, but in this case nucleation in each tank 
was accounted for. I t  should be pointed out that in all 
of the above references only the form or dimensionless be- 
havior of the distribution was predicted; kinetic growth 
and nucleation rates are necessary to obtain actual CSD 
for a particular system. 

A notable addition to the recent literature is a paper by 
Bennett (7) which tabulates experimental CSD data from 
a large class of crystallizers and crystal systems. A prop- 
erty of any CSD is the so-called coeficient of variation 
(C.V.),” or relative size spread over which the majority 

+a Not to be confused with coefficient of velocity, also referred to as 
C.V. 
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of crystal mass is distributed. In the case of the theoretical 
exponential distribution of a mixed suspension, mixed prod- 
uct removal (MSMPR) crystallizer, C.V. is equal to 52 
and is independent of absolute size (independent of 
growth and nucleation rates). In the above work Bennett 
points out that C.V.'s calculated from experimental CSD 
data seldom are as great as 52, implying a certain amount 
of product classification and/or a lowering of growth rate 
with size because the larger particles settle away from the 
boiling surface where greater supersaturation (and hence 
growth rate) exist. Bennett cites an equation derived by 
Bransom (8) for the case where growth rate is size de- 
pendent and points out that classical diffusion theories 
predict crystal growth rate should increase with size, giv- 
ing C.V.'s greater than 52. Unfortunately, Bransom uses 
an incorrect starting differential equation* which he then 
integrated to obtain CSD with growth rate size dependent. 
However, the conclusions of Bennett using Bransom's 
equation are qualitatively correct and do indicate that 
classification in both the product take off and at a boiling 
surface dominates the opposite natural tendency of the 
larger crystals to grow faster because of less diffusion re- 
sistance. 

Two approaches to lessen the discrepancy between 
theoretical and actual CSD would be to learn more about 
actual residence time distributions and crystal growth 
rates as a function of hydrodynamic environment, or 
change the environment to conform to the ideal assump- 
tions. The philosophy which considers crystallization as a 
crystal suspension upon which certain constraints are 
maintained would favor the latter approach. In practice 
both approaches will be necessary if continuous crystal- 
lization is to be put on a firm theoretical design basis com- 
parable to other important unit operations. 

This paper adopts the philosophy that crystallization 
can be thought of as the art of constraining a suspension 
of crystals and attempts to set forth a complete rationaliza- 
tion of CSD for the major types of crystallizers and crys- 
tal systems, as given by their ideal constraints. 

It should be pointed out that the resulting equations 
describing CSD will be no better than the nucleation- 
growth rate kinetics going into them, and such data are 
woefully lacking at this time. However, there are current1 
several encouraging investigations of nucleation-growt 
rate kinetics in environments resembling a mixed crystal 
suspension, and it is probable that more and better in- 
formation of this type will become available. In any case, 
the fundamental equations can readily be used with the 
kinetic data at hand. It is hoped that the general princi- 
ples suggested in this paper will be used as a set of ground 
rules to interpret CSD in operating crystallizers and to 
utilize kinetic data as they become available. 

GENERAL APPROACH 

Crystal size distribution, and where important, yield, 
can be thought of as the interaction of three factors: resi- 
dence time probabilities of mother liquor vs. solids and 
solids as a function of size, kinetics of nucleation and 
growth rate, and other. 

The classification other is included to account for such 
devious phenomena as multicrystal growth, agglomeration, 
chemical effects such as habit modifiers, etc. These are 
very real phenomena in some crystal systems and give rise 
to much of the art involved in crystallization. It is not the 
purpose of this paper to discuss phenomena such as these 
which are not general to all systems, and it will be as- 
sumed that if such factors are important to a particular 
application, due consideration for their effects will be 
made. This paper will be concerned with the study of 
interactions of residence time distributions with nuclea- 

i: 

See Appendix for the solution of correct differential equation. 

tion-growth kinetics to give CSD in various constrained 
systems. 

Population Balance 

Any real crystallizer must satisfy relationships guarantee- 
ing the conservation of mass and energy, but, in addition, 
the CSD which can be obtained is constrained by the con- 
servation of population of particles present. Unfortunately, 
a statement of the conservation of population cannot be 
made in as exact and unequivocal manner as can the con- 
servation of mass and energy because of an involvement 
with kinetics of nucleation, of which little is known ex- 
perimentally. Regardless of the state of knowledge of 
nucleation kinetics, appropriate forms of the mass, energy, 
and population balance equations can be solved together 
to obtain yield and CSD in terms of selected types of 
nucleation-growth rate kinetics. A population balance for 
an arbitrary suspension has been given (6) and becomes 

d d 
d L  t 

V- (rn) = ZQQcnc (1) 

for the steady state case of a constant volume crystallizer. 

Mass Balance 

A mass balance of the crystallizable solute can be ex- 
pressed simply as 

a 

:Q< ( C ,  + ill*) = O  (2) 

Energy Balance 

On the assumption that the suspension is backmixed to 
an isothermal condition, energy requirements do not enter 
directly into CSD and yield equations except to deter- 
mine exit flow rates. From a practical standpoint, however, 
such things as vapor release area (in the case of evapora- 
tive or flash cooIing crystallizers) and per-pass superheat of 
circulating liquor (from heaters or superheated feed) are 
of course important design considerations. The importance 
of suspension turnover time in systems with small super- 
saturation decay time constants has been discussed else- 
where (4 ,  9) .  

Nucleation and Growth Kinetics 

It  is convenient to divide crystallization processes into 
two classes: those in which per-pass yield is a factor 
and those in which the yield is essentially quantitative. A 
simple experiment in which supersaturated liquor is 
equilibrated in the presence of seed crystals can easily 
distinguish such systems. As a concrete example one could 
cite the sodium tetraborate pentahydrate system vs. po- 
tassium chloride as systems where yield is or is not a 
variable. 

Class I system, yield a variable 

dN" 
Nucleation rate = - - - f (s)  nuclei/sec.-cu. ft. (3) 

d t  

Growth rate = r = g(s) ft./sec. (4) 
where the kinetic functions f and g would have to be 
determined experimentally. 

Class I1 system, quantitative yield 

or 
(5a)  

and the kinetic function h would have to be determined 
experimentally. Equations (3) and (4) may be combined 
to give Equation ( 5 )  for a class I system if only CSD 
and not yield is of interest, that is by eliminating s as a 

no = El/rl Ch(r) 1 
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parameter. The per-pass yield can be calculated directly 
from the value of supersaturation when the kinetics of 
nucleation-growth rate are given in terms of supersatura- 
tion, but the CSD is only a function of relative growth 
and nucleation rates, not supersaturation. It should be 
pointed out that in spite of the general functional notation 
of Equations (3) and (4) or ( 5 ) ,  certain limitations are 
implied as they are written. Thus they are written for a 
constant temperature suspension (usually an excellent as- 
sumption) and do not include any functional dependence 
on solids concentration, degree of agitation, seeding, etc., 
and as such the supersaturation is considered the only 
driving force producing crystal formation and growth. This 
is in no way a fundamental limitation, and the general 
form of kinetics presented is considered sufficient until 
more data are obtained. 

Very little quantitative data on nucleation and growth 
rates in mixed crystal suspensions have been published, 
but what data have appeared are consistent with simple 
power models of the form 

This specific form of nucleation-growth rate kinetics, 
Equation (6) ,  has been shown to hold over a considerable 
operating range for several inorganic systems, the results of 
which are as yet unpublished. Equation (6) has also been 
shown to represent nucleation-growth rate kinetics for the 
alum-ethanol-water system over a threefold range of hold- 
ing times ( 1  0) .  The exponent i in Equation (6) is actually 
the relative kinetic order of nucleation rate to growth 
rate when both are expressed as powers of the super- 
saturation. Thus values from zero to very large numbers 
might be expected. The specific rate constant k, would 
in general be temperature dependent and might also vary 
with agitation and solids concentration in the suspension. 

IDEALIZED CRYSTALLIZER MODELS 

MSMPR Crystallizer 

been shown ( 1 , 2 , 6 )  to be given as 
The theoretical CSD for an MSMPR crystallizer has 

w ( x )  = 1/6 $ozexp ( -p)p3dp (7) 

when growth rate is independent of size and where 
x = L/rT. It  can be easily shown (6) that the dominant 
crystal size (on a weight basis) from distribution (7) is 
given as 

where rT can be thought of as a characteristic crystal 
size of the system. Equation (8) provides a basis for quan- 
titatively predicting the effect on size of various crystal- 
lization modes. 

In order to conserve mass in the system, the growth 
rate must satisfy the constraint 

L, = 3rT ( 8 )  

M* 
6p, kL no T4 

r4 = (9) 

Equation (9) emphasizes the necessity of obtaining 
growth and nucleation kinetics in order to a priori design 
CSD, even in such simple cases as the MSMPR crystal- 
lizer where the form of the distribution is known. When 
the assumptions going into Equation (7) are realized, 
this equation fits experimental distributions very well. 
Figure 1 shows a typical screen analysis from a small lab- 
oratory MSMPR crystallizer fitted to Equation (7 ) .  The 
crystal system was sodium tetraborate pentahydrate. 

0 2 4 6 8 10 1 2 1 4  
0 

L L microns ''(3 60.7 microns 

Fig. 1 .  Theoretical and experimental CSD 
from MSMPR crystallizer. 

The effect of holding time on crystal size from an 
MSMPR crystallizer can be predicted (in terms of nu- 
cleation-growth kinetics) as follows. 

For an exponential population distribution [as in Equa- 
tion (7) 1, the proposition 

Som nL8 d L  
L, =3rT = rrm (10) 

can easily be demonstrated. Upon substitution of the mass 
balance, Equation (2) ,  in the numerator and direct inte- 
gration of the denominator, Equation (10) becomes 

where 
L, = Kl[CzQt/Q.- C]l'c+s [T]C-1"+3 (11)  

3"z I *  (12) '' = 2p. k, k, 
For constant feed conditions and a class I1 crystal 

system (quantitative yield), Equation (11)  becomes 

(13)  L - KzT'-ll~t~ 
D -  

where K ,  is a constant depending on feed concentration. 
Equation (13) indicates that crystal size can increase, de- 
crease, or remain constant with changes in holding time, 
depending on the relative kinetia order of nucleation to 
growth rate. For the case i > 1 crystal size increases with 
holding time, for i < 1 crystal size decreases, and for i = 
1 crystal size is independent of holding time. Furthermore, 
in a class I system (yield a variable) crystal size is very 
small at low holding times (low yield), and for the case 
i < 1 crystal size actually undergoes a maximum. These 
situations are illustrated for various values of i in Figure 2 .  

The maximum dominant crystal size obtainable from 
an MSMPR crystallizer for a class I system with i < 1 
can be found by substituting for C in Equation (11) from 
Equation (4) and then finding the maximum in the re- 
sulting equation. If growth rate in Equation (4) can be 
represented as 

(14) 
then applying calculus procedures to find the maximum 
gives 

r = g(s) = k, ( C  - C,,)' 

(15)  
for i < 1 and where s i  is the apparent feed supersatura- 
tion equal to 

(16) si = C,Q./Qo - Co 

The holding time which corresponds to this maximum 
dominant crystal size is given as 
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Holding Tlms,T + 

Fig. 2. Effect of holding time on dominant 
crystal size in MSMPR crystollizer. 

s & ( i -  1 )  T,,., = 1 / 3  k, [ 
Equation ( 1 5 )  indicates that the maximum dominant 
crystal size obtainable in such a system increases with the 
fraction of crystallizable input, thus indicating that the 
crystals are starved for additional solute to grow to larger 
size. This effect is indeed observed. However, if feed 
concentration is increased too much, with solids concen- 
tration rising accordingly, there is a tendency for addi- 
tional nucleation to occur, with the result that size finally 
begins to decrease. Equation ( 1 1 )  also gives the effect of 
feed concentration on crystal size for class I1 systems. 
This effect is qualitatively the same; that is, crystal size 
is predicted to increase with the amount of crystallizable 
solute per unit volume of feed material. 

Seed Crystal Removal 

The practice of keeping population in control by pref- 
erential seed crystal removal and destruction has been 
shown (1) to be effective in increasing crystal size. 
Essentially, such an operation changes the residence time 
probability of the solids as a function of size, with the 
smaller crystals having a smaller residence time proba- 
bility. If the exact size range and rate of removal of the 
seed crystals is known from the operation of a seed trap, 
the product CSD can be predicted rigorously by solving 
the appropriate mass and population balance equations 
together with nucleation-growth kinetics. However, by 
making a few simple assumptions, the MSMPR concept 
can be used to obtain the limiting ideal behavior of such 
a system. The author assumes that operation of a seed 
crystal trap is as follows: 

1 .  The seed crystals removed are small enough to be 
considered nuclei, that is small compared with 2rT. 

2 .  The seed crystals are removed proportional to their 
population (a  valid assumption for a flow system of 
removal). 

3. Assume a class I1 system. 
Thus, letting subscripts ( 2 )  and ( 1 )  refer to the same 

crystallizer operating with identical feed conditions but 
with and without seed crystal removal, the net popula- 
tion density in the second case can be represented as 

[n,"lnet = u n," ( 1 8 )  

where u is the fraction of crystals left to grow in the 
suspension. 

Rewriting Equation (10) for this situation one gets 

1% La d L l n ,  La d L  

1% La dLSomn, La d L  
LDJLU, = ( 1 9 )  

As the population distribution remains exponential be- 
cause of assumption 1, these integrations can easily be 
Derformed to give 

Or, substituting nucleation kinetics from Equation (6a )  
one obtains 

CLDJLDJ = l / u  [;J'-= 
Multiplying top and bottom by T'" and using the defini- 
tion of LD from Equation ( 8 )  one gets the final limiting 
case of size improvement as a function of the fraction of 
seed crystals removed and nucleation-growth kinetics. 
Thus 

LD*/LD, = [ l/u]l"+s ( 2 2 )  

The significance of Equation ( 2 2 )  is that for a given frac- 
tion of seed crystals removed, as given by 1 - u, the 
amount of size improvement to be expected depends on 
nucleation sensitivity as given by the parameter i. The 
lower the vaiue of i, the more size improvement that oc- 
curs with a given fraction of seed crystals removed. 

Classified Product Removol 

The dimensionless CSD of the MSMPR crystallizer is 
also useful for predicting the CSD obtainable from a 
crystallizer operated with classified product withdrawal. 
Actually, classified product removal can be thought of 
as a reversal of seed crystal removal; the residence time 
probabilities of the crystals are again dependent upon 
size, but crystals above the classification size have a 
smaller residence time probability than small crystals. 

Product classification can be achieved, in a mechanical 
sense, by several types of equipment such as elutriators, 
hydroclones, Dutch State Mines (DSM) screens, etc. If a 
solid-free liquor is available for counter washing, classi- 
fication by elutriation can limit product draw off to essen- 
tially those crystals above a given size. The limiting case 
of such classification, where the mean residence proba- 
bility of crystals is infinity below size Lo and is equal to 
zero above size Lo,  has been studied previously (1 ) . In 
actual practice, devices of the DSM or hydroclone type 
preferentially remove particles larger than the classifica- 
tion size from the suspension rather than removing par- 
ticles less than the classification size from the product. 
For the purposes of this study a classification model is 
used which is both idealized and yet realistic, especially 
with respect to the latter two previously mentioned classi- 
fication devices. 

The idealized model for classified product removal is 
as follows. Assume crystals smaller than the classification 
size Lo are removed at a rate Q., while those greater than 
size Lo are removed at a rate zQ.. The flow rate Q. 
maintains liquid level in the system. 

Solving the population balance for this case one ob- 
tains 

and 
n = n"exp (--L/rT,) L < Lo 

n = no exp [ (z - 1 )  L./rT,]  exp ( - zL/rT. )  L > L, (23) 
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where To = V/Q.. Cumulative weight distribution is given 
as seL n L" dL 

1 n L " d L  
W ( L )  = (24)  

Thus, using the population distributions from Equation 
(23) and making the dimensionless substitution x = LirT,, 
one gets the weight distribution in suspension as 

L > L ,  ( 2 5 )  
where w ( x )  is the MSMPR distribution as given by Equa- 
tion ( 7 ) .  The CSD of the product is calculated simply by 
mixing z parts of oversize with one part of undersize. 
Thus, the factor z4 is replaced by 2. In terms of the fore- 
going nomenclature the product CSD is given as 

W, = L < Lo w(x)  
[1-w(zx0)]exp [ (z - l )x , l  

zy 
w(x,) + 

illid 
[ ~ ( z x )  - -w(zx , ) ]  exp [(x- l ) x , l  

z3 

[ 1 - u) (zx, ) 1 exp [ ( z - 1)  xOl 
zs 

w ( x . )  + 
w, = 

w(x,) + 
L > L ,  (26)  

Equations (25)  and (26) only predict the form of CSD 
with classified product removal; in order to obtain the 
actual CSD going from mixed to classified product removal 
the growth rate must be constrained by solution of the 
mass balance equation with appropriate nucleation-growth 
kinetics. This procedure is as follows. Let subscripts (m) 
and (c) refer to mixed and classified product removal. The 
mass balance for mixed product removal is given as 

QIC, /Qo - C = 6pCkLnwb0rm4T4 (27) 
and for the classified case 

Q,Cl/Q. - C = 6pckLn,."r:T4 

] ( 2 8 )  
[ I -  ~ ( z x , )  1 exp [ ( z  - l )x , l  

[ W W  + z3 

A comparison of the two cases of mixed vs. classified 
product removal under identical feed conditions enables 
the right-hand sidc of Equations (27) and (28) to be 
equated. Thus 

[r,,$ ' r F I 4  = nCo/nm0 

[ I -  w(zxo)l  exp [ ( z -  l ) x , l  
[ l u ( x o ,  + -8 ] ( 2 9 )  

For a class I1 system using nucleation-growth kinetics 
given by Equation (6a)  the constraint on the growth rate 
becomes 

[I - w ( z x . ) ]  exp [ ( z -  I)x,] 

( 3 0 )  
z3 1 

Using the form of CSD from Equation (26)  and the 
constraint on growth rate, Equation (30) ,  it is possible for 
one to predict CSD for classified product removal knowing 
only the CSD from an MSMPR crystallizer and the rela- 
tive nucleation-growth sensitivity i. The effect of product 
classification is to narrow the distribution and produce 
crystals that are more uniform but somewhat smaller in 
size. Solids concentration is decreased and growth rate 
increased as compared with the mixed product case. 

Arbitrary Solids Concentration 
In the so-called growth type of crystallizers solids con- 

centration is held at an arbitrary level (within limits) 
by taking off a more or less clear settled overflow stream 
and a mixed suspension underflow from the crystal SUS- 
pension. This mode of operation is particularly effective in 
raising per-pass relief of supersaturation in a class I SYS- 
tem with low crystallizable solute content in the feed. The 
effect of such operation on crystal size in an idealized 
growth type of crystallizer can be obtained in terms of the 
MSMPR model. Assume a class 11 system and no seed 
crystal removal in clear liquor overflow. 

Let z be the ratio between overflow and underflow 
streams on a cIear liquor basis and let subscripts ( m )  and 
( g )  refer to MSMPR and growth types of crystallizers. 
The population distribution is again given by the expo- 
nential relationship 

n, = n," exp [-LQ./( 1 + z)T,V,] (31) 

C,QL/Qo - C = ( 1  + ~)~r14T,,,~ 6pck,,n,' (32) 

Under constant feed conditions the right-hand member 
of Equations (27) and (32) can be equated to give a 
relationship between the growth rates in the two cases. 
Thus 

[r,/rmI4 = [ 1 + zl" [Vm/V,14 [nmO/ngO1 ( 3 3 )  

Mass of solute is conserved by the relationship 

which after substitution of nucleation-growth kinetics from 
Equation (6a) becomes 

rS/r,,% = [ 1 + z]~/ '+ '  [V,/V,]"/'" (34 1 
Multiplying Equation (34)  top and bottom by 
V,V, ( 1 + z )  /Q. and recognizing that 

L D t  = (1 + ~)T,VJQ, (35) 
one obtains the final relationship between dominant crystal 
size from mixed product and growth types of crystal- 
1' izers as 

( 3 6 )  

The variation of dominant size with crystallizer clear 
liquor volume V would be slight as the ratio V,/V,, - 1 
for any reasonable change in solids concentration going 
from mixed to growth type of operation. Thus the major 
variation in size would be given as 

L,,/LD, = (1 + z ) ' / ' + ~  [V,/V,]""~'+'" 

(37) LD,j = LDm( 1 + Z )  

It should be emphasized that Equation ( 3 7 )  does not 
include any possible changes in nucleation mechanism 
with changes in solids concentration. However, this varia- 
tion could easily be handled by retaining the specific rate 
coefficient k, which would then be a function of solids 
concentration. 

Equation (37) indicates that the expected improvement 
in crystal size in a growth type of crystallizer will depend 
on the nucleation sensitivity i and would be greater in a 
system with sensitive nucleation behavior. With a class I 
system additional size improvement would result because 
of an increase in per-pass yield with the growth type 
of crystallizer. 
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Staged Vessels 

Crystallization is sometimes performed in staged vessels 
with the entire suspension of one vessel discharging as 
feed to a subsequent vessel. Nucleation and growth occur 
in each stage. Variations of this problem have been treated 
previously (5, 6).  However, the MSMPR ideal model can 
be useful in analyzing such a system with two stages. 
Consider the following allocation problem. A fixed amount 
of crystallizer volume V is to be allocated as a single 
MSMPR crystallizer or as two staged MSMPR crystal- 
lizers of equal volume. A fraction a of the total crystal- 
lization is to occur in the first stage. (This could be 
achieved by adjusting evaporation or cooling profiles.) A 
class I1 system is assumed. Let subscript (m) refer to 
single stage MSMPR and subscripts (1) and (2)  refer 
to first and second stages of staged system. Product CSD 
and a mass balance for the single-stage case are as given 
previously by Equations (7) and (27). The population 
balance equation can be solved for each of the two stages 
to give 
Stage 1 

Stage 2 
n1 = n10 exp (-2L/rlT) (38) 

.. 

nlo 
( 1 - r2/r l )  

-t exp (-2L/r,T) (39) 

where T = V/Q.. 
The overall solute balance can be expressed as 

C*Qz/Q. - C = M m  (40) 
which is identical to the single tank situation. Thus the 
two relationships which constrain the growth rates are 
given as 

and 

Performing the required integrations in (41) and (42) 
using population distributions (38) and (39) and nuclea- 
tion-growth kinetics (6a) (and assuming k,, = kNz if stage 
temperatures are different) one gets the following re- 
lationships that constrain growth rates rl and rz: 

Mm = Mmt (41) 

M m  = M ~ ~ c z  (42) 

and 
(44) rl = rm a11t+8 241"s 

Finally, product CSD can be calculated from the defi- 
nition of cumulative weight fraction, Equation (24),  in 
terms of the dimensionless MSMPR CSD, Equation (7). 
Thus 

where x, = 2L/rlT, x = 2L/rsT, and where rl and r, 
satisfy Equations (43) and (44). 

Numerical evaluation of Equation (45) for the case 
where (Y = 0.5 and i = 2 indicates that the two-stage 
system produces a considerably smaller and somewhat 
more uniform CSD than a single stage of equal total 
volume (C.V. 49 vs. 52 for the single stage). This differ- 
ence, which would be expected to increase for higher 
values of nucleation sensitivity, i, is shown clearly in 
Figure 3. This figure plots the weight distribution of prod- 

3 
0 Dirn*nsionl.im Sire .  X *  

Fig. 3. Comparison of CSD from two- and one- 
stage crystallizers of equal total volume. 

r, T e 

uct vs. x = L/r,T, the dimensionless crystal size in the 
MSMPR case. The curves were obtained by differentiat- 
ing W,, Equation (45), with respect to x. Growth rate in 
the first and second stages was, respectively, 1.52 and 
0.80 times the growth rate of the single stage MSMPR. 
The two-stage crystallizer produces smaller crystals be- 
cause nucleation was much heavier in the first tank of 
the staged system as an equal volumetric crystallization 
rate (pound per hour-cubic feet) had to be deposited on 
a solids concentration one half that of the single tank 
case, thus creating higher driving forces. This distribution 
of fine crystals, which would then be advanced to the 
second stage, could not grow to large average size 
because there was not enough available solute in the sec- 
ond stage. It appears that the use of a growth type of 
crystallizer for the first stage wodd greatly increase 
crystal size in a two-stage system. 

SUMMARY 

Simultaneous population and mass balances have been 
solved together with an assumed generalized form of 
nucleation-growth kinetics to obtain the form of CSD for 
several idealized modes of crystallizer operation, including 
seed crystal removal, product classification, arbitrary 
solids concentration, and staged vessels. The effect of 
holding time and feed supersaturation on crystal size in 
an MSMPR crystallizer was also studied. The power 
model form of nucleation-growth rate kinetics which was 
assumed has little to recommend itself other than that it 
fits such limited data as are available, it can be expressed 
in terms of a single parameter capable of physical in- 
terpretation, and it permits simple analytical solutions of 
the problems considered. It is hoped that the work pre- 
sented here will stimulate interest in the very difficult 
problem of determining nucleation and growth rate 
kinetics in environments resembling that of a mixed crys- 
tal suspension. 

Finally, it was shown that with a representative CSD 
from an operating MSMPR crystallizer together with a 
limited amount of information concerning nucleation be- 
havior, the actual CSD from any of the above mentioned 
crystallizer modes could be estimated in terms of the 
generalized CSD from the MSMPR crystallizer. 

NOTATION 

a = constant in size-dependent growth rate equation 
a' = integration constant in population equation 
b = constant exponent in size-dependent growth rate 

C = concentration of solute in mother liquor, 

C, = concentration of solute in i'th stream of input feed 

equation 

lb./cu.ft. 

concentration, Ib./cu.ft. 
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C .  = equilibrium concentration of solute in mother 
liquor, equal to exit concentration for class I1 
system, lb./cu.ft. 

= nucleation-growth rate sensitivity parameter in 
kinetic nucleation equation 

= kinetic order of growth rate in terms of super- 
saturation 

= specific rate constant in kinetic growth rate equa- 
. tion 

= crystal shape factor, volume/ (crystal) (length)' 
= specific rate constant in kinetic nucleation rate 

i 

i 

k, 

k, 
k, 

L = linear crvstal size. ft. 
equation 

LO 

M ,  

M ,  

n 

n, 

no 

nSL 

n"6L 

= dominan; crystal size (weight basis) in exponen- 

= solids concentration in i'th stream, Ib./cu.ft. of 

= solids concentration in crystal suspension, lb./ 

= crystal population density, number/ft.-cu.ft. of 

= crystal population density, in i'th stream, number/ 

= nuclei population density, number/ft.-cu.ft. of 

= number of particles of original size range L to 

= original number of particles in size range L to L 

tial population distribution, ft. 

mother liquor 

cu.ft. of mother liquor 

mother liquor 

ft-cu.ft. of mother liquor 

mother liquor 

L + SL remaining in suspension a t  time t 

+ 6L 
dN" - = nucleation rate, number/sec.-cu.ft. of mother 
dt 

liquor 
I) = dummy variable of integration 

X 
z 

P O  

a 

= flow rate of i'th stream, positive for flow into 
suspension and negative for flow out, cu.ft. of 
mother liquor/sec. 

= feed stream flow rate, cu.ft./sec. 
= suspension discharge flow rate, cu.ft. of mother 

= linear crystal growth rate, ft./sec. 
= apparent supersaturation in feed, lb./cu.ft. 
= suspension holding time, V/Q., sec. 
= crystallizer volume, cu. ft. of mother liquor 

1 = cumulative mass fraction size distribution 
= cumulative mass fraction size distribution of 

= cumulative mass fraction size distribution of 

= theoretical cumulative mass fraction size dis- 

= dimensionless crystal size, L/rT 
= ratio of residence time probability of small crys- 

tals to large crystals in classified product crys- 
tallizer, or ratio of overflow to underflow mother 
liquor in growth type of crystallizer 

liquor/sec. 

product crystals 

crystals in suspension 

tribution for MSMPR crystallizer 

= crystal density, Ib./cu.ft. 
= fraction of total crystallization occurring in first 

= fraction of seed crystals left of grow in crystallizer 
stage of two-stage crystallizer 

with seed crystal removal system 
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APPENDIX 

The population balance ( 6 )  for a mixed crystal suspension 
may be written as 

an 
At steady state - = 0, leaving the ordinary differential 
euuation ,at 

where in general the growth rate 

dL 
dt 

T=-=t" (L)  

(47) 

may be thought of as a function of size. Thus if McCabe's 
AL law does not hold, the growth rate cannot be taken out 
of the differentiation. Bransom (6)  uses a growth rate function 
of the type 

Thus the proper differential equation which must be integrated 
to obtain population density when size dependent growth rate 
is given as in Equation (49) is 

T = db (49) 

d -n - (aLbn) = - 
dL T 

The development given by Bransom (after switching to 
nomenclatiire used in this paper) is 

-t 
T 

n 6 L = nu 6 Lexp [-I (51) 

where n 6 L are the number of particles in an original group 
of number no 6 L and of the size range L to L + 6L, which 
remain in the suspension a time t ;  that is the original popula- 
tion no 6 L decays exponentially with time. Bransom then 
integrates the size dependent growth rate, Equation ( 4 9 ) ,  to 
obtain an age-size relationship which is then substituted for t 
in Equation (51),  giving a final population equation of the 
form 

a T (  1--h) 

However, if Equation (50) is integrated, the correct form of 
the population distribution is given as 

- Ll-b n=-exD[ U' ] 
Lb a T (  1-b) 

(53) 

The difference in the two derivations is that when growth 
rate is size dependent, the increment of size 6 L is not fixed 
but changes with size as the particles grow. This stretching 
of an incremental size region with size is reflected by a corre- 
sponding decrease in population density, as given by Equation 
(53)  but not in Equation ( 5 2 ) .  

For b = 0 (McCabe's AL law holds) both equations re- 
duce to the correct exponential distribution. Product CSD, 
which is obtained by integrating L'dL over the entire distribu- 
tion, would be qualitatively the same for both equations (that 
is, dominated by the exponential term), and the conclusions 
drawn by Bennett ( 7 )  remain valid. 
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